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We characterize the eigenvalues and energy of the line graph L(G)
whenever G is (i) a generalized Bethe tree, (ii) a Bethe tree, (iii) a
tree deﬁned by generalized Bethe trees attached to a path, (iv) a
tree deﬁned by generalized Bethe trees having a common root, (v)
a graph deﬁned by copies of a generalized Bethe tree attached to
a cycle and (vi) a graph deﬁned by copies of a star attached to a
cycle; in this case, explicit formulas for the eigenvalues and energy
of L(G) are derived.
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1. Preliminaries
Let G = (V(G), E(G)) be a simple graph on n vertices with vertex set V(G) = {v1, v2, . . . , vn} and
edge set E(G) = {e1, e2, . . . , em}. The Laplacian matrix of G is the n × n matrix L(G) = D(G) − A(G)
where A(G) is the adjacencymatrix and D(G) is the diagonal matrix of vertex degrees. It is well known
that L(G) is a positive semi-deﬁnite matrix and that (0, e) is an eigenpair of L(G) where e is the all
ones vector. Fiedler [7] proven that G is a connected graph if and only if the second smallest eigenvalue
of L(G) is positive. This eigenvalue is called the algebraic connectivity of G and it is denoted by a(G).
There are many papers concerning the Laplacian matrix and still it is studied extensively. The matrix
L+(G) = D(G) + A(G) is called the signless Laplacian matrix of G. The eigenvalues of A(G), L(G) and
L+(G) are called the eigenvalues, the Laplacian eigenvalues and the signless Laplacian eigenvalues of

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the graph G, respectively. The matrix L+(G) has recently attracted the attention of some researchers.
Recent papers on thismatrix are [1–5]. It is known that L+(G) is a positive semi-deﬁnitematrix and ifG
is a bipartite graph then L+(G) and L(G) have the same characteristic polynomial [1,10,11]. Moreover,
the smallest signless Laplacian eigenvalue of a connected graph is equal to 0 if and only if the graph is
bipartite, and, in this case 0 is a simple eigenvalue.
The line graph L(G) is the graph whose vertex set is in one-to-one correspondence with the set of
edges of G where two vertices of L(G) are adjacent if and only if the corresponding edges in G have a
vertex in common [9]. For instance, the line graph of a star Sn on n vertices is a complete graph Kn−1
on n − 1 vertices.
The energy E(G) of G is equal to the sum of the absolute values of its eigenvalues and the energy
E(M) of a matrixM [12] is equal to the sum of its singular values. In [8], relations between the energy
of the line graph of G and the energies associated with the Laplacian and signless Laplacian matrices
of G are established.
The incidence of G is the n × m matrix I(G) whose (i, j)-entry is 1 if vi is incident to ej and 0
otherwise. It is known [1,10,11] that
I(G)I(G)T = D(G) + A(G) = L+(G) (1)
and
I(G)T I(G) = 2Im + A(L(G)), (2)
where Im is the identity matrix of orderm × m.
Since AB and BA have the same nonzero eigenvalues for matrices A and B of the appropriate order
[20], I(G)I(G)T and I(G)T I(G) have the same nonzero eigenvalues. An immediate consequence of the
above facts is the following lemma.
Lemma 1. If G is a bipartite graphand ifλ is a nonzero Laplacian eigenvalue ofG thenλ − 2 is an eigenvalue
of L(G).
We recall that a tree is a connected acyclic graph and any tree is a bipartite graph.
Corollary 1. If T is a tree then −2 is not an eigenvalue of L(T).
Proof. Let T a tree with n vertices. Then T is a bipartite graph with n − 1 edges and 0 is a simple
Laplacian eigenvalue. It follows that the eigenvalues of L(T) are λ − 2 where λ is a nonzero Laplacian
eigenvalue of T . Hence λ − 2 /= −2. 
It should be noted that, as it is well known, a line graph has −2 as an eigenvalue if and only if the
root graph has an even cycle or two odd cycles.
In a tree, any vertex can be chosen as the root vertex. The level of a vertex on a tree is one more
than its distance from the root vertex. A Bethe tree Bd,k is a rooted unweighted tree of k levels in which
the root vertex has degree d, the vertices at level j (2 j k − 1) have degree d + 1 and the vertices
at level k are the pendant vertices.
Example 1. B4(3) is the tree
2404 O. Rojo, R.D. Jime´nez / Linear Algebra and its Applications 435 (2011) 2402–2419
and its line graph is
In general,L(Bk(d)) is a graph of k − 1 levels of cliques inwhich the level 1 has the cliqueKd and the
level j (2 j k − 1) has dj−1 copies of Kd+1 such that each of them is attached by one of its vertices
to a different vertex of the cliques in the level j − 1.
A generalized Bethe tree is a rooted unweighted tree in which vertices at the same level have the
same degree. Let us denote by Bk(d) a generalized Bethe tree of k levels (k > 1) in which
d = [d1 = 1, d2, . . . , dk] , dk > 1
being dk−j+1 the degree of the vertices at the level j. For instance d2 is the degree of the vertices at the
level k − 1 and dk is the degree of the root. Let nk−j+1 be the number of the vertices of Bk(d) at the
level j. Then nk = 1, nk−1 = dk and
nk−j = (dk−j+1 − 1)nk−j+1 (2 j k − 1) .
We assume dk > 1.
Example 2. B4(1, 4, 3, 2) is the tree
and its line graph is
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L(B4(1, 4, 3, 2)) is also a graph of cliques. In general,L(Bk(d)) is a graphwith k − 1 levels of cliques
in which the level 1 has the clique Kdk and the level j (2 j k − 1) has nk−j+1 copies of Kdk−j+1 with
the property that each of these copies is attached by one of its vertices to a different vertex of the
cliques in the level j − 1.
Example 3. Let H :
be a given graph.
Suppose that we need to know about the eigenvalues of H.We see that H is a graph with 3 levels of
cliques. The level 1 has the clique K3, the level 2 has 3 copies of K3 and the level 3 has 6 copies of K3 in
which each copy satisﬁes the above stated property. Thus H = L(B4(1, 3, 3, 3)) and consequently we
can use our information on the Laplacian eigenvalues of B4(1, 3, 3, 3) and Lemma 1 to know about the
eigenvalues of H.
Example 4. Consider now the graph K :
obtained from three generalized Bethe trees B3(1, 3, 3), B3(1, 4, 1) and B2(1, 4) = S5 attached by their
roots to the vertices of the path P3. The line graph of K is
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We see that L(K) in Example 4 is also a graph of cliques.
In this paper, we apply our results on the eigenvalues of the Laplacian and signless Laplacian
matrices of some combinations of generalized Bethe trees [13–18] to characterize the eigenvalues and
energy of the corresponding line graph. More precisely, we characterize the eigenvalues and energy
of L(G) whenever G is (i) a generalized Bethe tree, (ii) a Bethe tree, (iii) a tree deﬁned by generalized
Bethe trees attached to a path, (iv) a tree deﬁned by generalized Bethe trees having a common root,
(v) a graph deﬁned by copies of a generalized Bethe tree attached to a cycle and (vi) a graph deﬁned
by copies of a star attached to a cycle; in this case, explicit formulas for the eigenvalues and energy of
L(G) are derived.
We ﬁnish this Section with some additional notation.
Let σ(A) denotes the spectrum of thematrix A and, if A is of order n × nwith only real eigenvalues,
let
λ1(A) λ2(A) · · · λn(A)
be its eigenvalues.
Concerning Bk(d), let
Ω = {j : 1 j k − 1, nj > nj+1} .
and let Tj be the j × j (1 j k) leading principal submatrix of the k × k symmetric tridiagonalmatrix
Tk(d) =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
√
d2 − 1√
d2 − 1 d2 √d3 − 1√
d3 − 1 d3 . . .
. . .
. . .
√
dk−1 − 1√
dk−1 − 1 dk−1 √dk√
dk dk
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.
Since dk = nk−1 > 1, k − 1 ∈ Ω.
Finally, let I be the identity matrix of the appropriate order. In the examples the numerical results
are given to 4 decimal places.
2. Line graph of a generalized Bethe tree
Here we search for the eigenvalues of L(Bk(d)). We collect our results on Bk(d) in the following
lemma.
Lemma 2 [13]
(a) The spectrum of L(Bk(d)) is(∪j∈Ωσ(Tj)) ∪ σ(Tk).
(b) As an eigenvalue of L(Bk(d)), for j ∈ Ω , the multiplicity of each eigenvalue of Tj is nj − nj+1 and the
multiplicity of each eigenvalue of Tk is 1.
(c) The matrix Tk is singular.
(d) The largest eigenvalue of Tk is the largest eigenvalue of L(Bk(d)).
(e) The smallest eigenvalue of Tk−1 is the algebraic connectivity of Bk(d).
Since any tree is a bipartite graph, from Lemmas 1 and 2, we have:
Theorem 1
(a)
σ (L (Bk (d))) = (∪j∈Ωσ (Tj − 2I)) ∪ {λ − 2 : λ ∈ σ (Tk) , λ /= 0} .
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(b) As an eigenvalue of L(Bk(d)), for j ∈ Ω , the multiplicity of each eigenvalue of Tj − 2I is nj − nj+1
and the multiplicity of the eigenvalue λ − 2, λ ∈ σ(Tk), λ /= 0, is 1.
(c) The largest eigenvalue of L(Bk(d)) is
max {λ : λ ∈ σ(Tk (d))} − 2.
(d) The smallest eigenvalue of L(Bk(d)) is
a(Bk(d)) − 2.
(e)
E(L(Bk(d))) =
∑
j∈Ω
∑
μ∈σ(Tj−2I)
|μ|nj−nj+1 + ∑
μ∈σ(Tk(d)−2I),μ/=−2
|μ| .
Example 5. Let consider the graph L(B4(1, 3, 3, 3)). For the graph B4(1, 3, 3, 3), d1 = 1, d2 = d3 =
d4 = 3, n1 = 12, n2 = 6, n3 = 3, n4 = 1 and Ω = {1, 2, 3}. From Theorem 1, the spectrum of
L(B4(1, 3, 3, 3)) is
σ(T1 − 2I) ∪ σ(T2 − 2I) ∪ σ(T3 − 2I) ∪ {λ − 2 : λ ∈ T4, λ /= 0} ,
where
T1 − 2I = [−1] , T2 − 2I =
[−1 √2√
2 1
]
, T3 − 2I =
⎡
⎢⎣−1
√
2√
2 1
√
2√
2 1
⎤
⎥⎦
T4 − 2I =
⎡
⎢⎢⎢⎣
−1 √2√
2 1
√
2√
2 1
√
3√
3 1
⎤
⎥⎥⎥⎦ .
Then the eigenvalues of L(B4(1, 3, 3, 3)) are
multiplicity
σ (T1 − 2I) : −1 n1 − n2 = 6
σ (T2 − 2I) : −1.7321 1.7321 n2 − n3 = 3
σ (T3 − 2I) : −1.9032 0.1939 2.7093 n3 − n4 = 2
σ (T4 − 2I) , λ /= −2 : −0.8136 1.4707 3.3429 1
and E(L(B4(1, 3, 3, 3))) = 31.6324.
3. Line graph of a Bethe tree
In this section, we study the line graph of the Bethe tree Bk(d), d > 1. The number of vertices of
Bk(d) at the level j is nk−j+1 = dj−1 (1 j k) and then Ω = {1, 2, . . . , k − 1}. Thus, from Theorem
1, we have:
Theorem 2
(a) The spectrum of L(Bk(d)) is(
∪k−1j=1 σ(Tj − 2I)
)
∪ {λ − 2 : λ ∈ σ(Tk), λ /= 0} ,
where Tj is the j × j (1 j k) leading principal submatrix of the k × k symmetric tridiagonal
matrix
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Tk(d) =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
√
d√
d d + 1 √d
√
d d + 1 . . .
. . .
. . .
√
d√
d d + 1 √d√
d d
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.
(b) As an eigenvalues of L(Bk(d)), the multiplicity of each eigenvalue of Tj − 2I is dk−j−1(d − 1) and
the multiplicity of the eigenvalue λ − 2, λ ∈ σ(Lk), λ /= 0, is 1.
(c) The largest eigenvalue of L(Bk(d)) is
max {λ : λ ∈ σ(Tk(d))} − 2.
(d) The smallest eigenvalue of L(Bk(d)) is
a(Bk(d)) − 2.
(e)
E(L(Bk(d))) =
k−1∑
j=1
∑
μ∈σ(Tj−2I)
|μ|dk−j−1(d−1) + ∑
μ∈σ(Tk(d)−2I),μ/=−2
|μ| .
Corollary 2. The largest eigenvalue of L(Bk(d)) is d − 1 + 2
√
d cos π
k
.
Proof. In [14] we prove that the nonzero eigenvalues of Tk(d) are
λj(Tk(d)) = d + 1 + 2
√
d cos
π j
k
(1 j k − 1).
Since cos x is a strictly decreasing function for x ∈ [0,π ], it follows that:
max {λ ∈ σ(Bk(d) : λ /= 0)} = d + 1 + 2
√
d cos
π
k
.
From this fact and Theorem 2, part (c), the result follows. 
Example 6. Consider the graph L(B4(3)). From Corollary 2, the spectrum of L(B4(3)) is
σ(T1 − 2I) ∪ σ(T2 − 2I) ∪ σ(T3 − 2I) ∪ {λ − 2 : λ ∈ σ(T4), λ /= 0} ,
where
T1 − 2I = [−1] , T2 − 2I =
[−1 √3√
3 2
]
, T3 − 3I =
⎡
⎢⎣−1
√
3√
3 2
√
3√
3 2
⎤
⎥⎦
T4 − 2I =
⎡
⎢⎢⎢⎣
−1 √3 0 0√
3 2
√
3 0
0
√
3 2
√
3
0 0
√
3 1
⎤
⎥⎥⎥⎦ .
The eigenvalues of L(B4(3)) are
multiplicity
σ (T1 − 2I) : −1 18
σ (T2 − 2I) : −1.7913 2.7913 6
σ (T3 − 2I) : −1.9428 0.8887 4.0541 2
σ (T4 − 2I) , λ /= −2 : −0.4495 2 4.4495 1
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and E(L(B4(3))) = 67.1524. Observe that the largest eigenvalue is d − 1 + 2
√
d cos π
k
= 2
+ 2√3 cos π
4
= 4.4495.
Corollary 3. The smallest eigenvalue of L(Bk(d)) lies in the interval [α,β] where
α = 1
1
(d−1)2
(
dk − (2k − 1) (d − 1) − √d + (d−1)(2k−1)
d
k− 1
2 +1
)
+ 1
(d+1)−2√d cos π
2k−1
− 2
and
β = (d − 1)
2
dk − (2k − 2) d + (2k − 1) − (2k−2)(d−1)
dk−1−1
− 2.
Proof. In [19] the following upper and lower bounds on the algebraic connectivity of Bk(d) are given
a (Bk (d))
(d − 1)2
dk − (2k − 2) d + (2k − 1) − (2k−2)(d−1)
dk−1−1
and
1
1
(d−1)2
(
dk − (2k − 1) (d − 1) − √d + (d−1)(2k−1)
d
k− 1
2 +1
)
+ 1
(d+1)−2√d cos π
2k−1
a (Bk (d)) .
These bounds and Theorem 2, part (d), imply that a(Bk(d)) − 2 lies in the interval [α,β]. 
Let us apply these bounds to L(B4(3)) in Example 6. The smallest eigenvalues of L(B4(3)) is−1.9428, its lower bound α is −1.9429 and its upper bound β is −1.9425.
4. Line graph of generalized Bethe trees attached to a path
In this section, Bi denotes the generalized Bethe tree Bki(di) of ki levels in which
di = [di,1 = 1, di,2, . . . , di,ki ] ,
where di,j is the degree of the vertices at the levels ki − j + 1. Let ni,j the number of vertices of Bi at
the level ki − j + 1.
Let Pm{Bi}be the tree obtained from Pm and the treesB1, B2, . . . , Bm by identifying the root ofBi with
the i-th vertex of Pm. In [15] we give a complete characterization of the eigenvalues of the Laplacian
and adjacency matrices of Pm{Bi}.
For i = 1, 2, 3, . . . , m, let
Ti (di) =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣
di,1
√
di,2 − 1√
di,2 − 1 di,2
. . .
√
di,ki−1 − 1√
di,ki−1 − 1 di,ki−1
√
di,ki√
di,ki di,ki + c
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
of order ki × ki, where c = 2 for i = 2, 3, .., m − 1 and c = 1 for i = 1 and i = m. Moreover, for i =
1, 2, . . . , m and for j = 1, 2, 3, . . . , ki − 1, let Ti,j be the j × j leading principal submatrix of Ti. Let
r = ∑mi=1 ki. Let G be the symmetric matrix of order r × r deﬁned by
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G =
⎡
⎢⎢⎢⎢⎢⎣
T1 (d1) F1
FT1 T2 (d2)
. . .
. . .
. . . Fm−1
FTm−1 Tm (dm)
⎤
⎥⎥⎥⎥⎥⎦ ,
where Fi is the matrix of order ki × ki+1 whose entries are 0 except for the entry Fi(ki, ki+1) = 1. Let
Ωi = {j : 1 j ki − 1, ni,j > ni,j+1} .
The next lemma collects the results concerning the Laplacian eigenvalues of Pm{Bi} [15].
Lemma 3
(a) The spectrum of L(Pm{Bi}) is(∪mi=1 ∪j∈Ωi σ(Ti,j)) ∪ σ(G).
(b) As an eigenvalue of L(Pm{Bi}), j ∈ Ωi, the multiplicity of each eigenvalue of Ti,j is ni,j − ni,j+1 and
the multiplicity of each eigenvalue of G is 1.
(c) The matrix G is singular.
(d) The largest eigenvalue of L(Pm{Bi}) is the largest eigenvalue of the matrix G.
(e) The smallest positive eigenvalue of G is the algebraic connectivity of Pm{Bi}.
It follows that:
Theorem 3
(a) The spectrum of L(Pm{Bi}) is(∪mi=1 ∪j∈Ωi σ(Ti,j − 2I)) ∪ {λ − 2 : λ ∈ σ(G), λ /= 0} .
(b) As an eigenvalue of L(Pm{Bi}), j ∈ Ωi, the multiplicity of each eigenvalue of Ti,j − 2I is ni,j − ni,j+1
and the multiplicity of the eigenvalue λ − 2, λ ∈ σ(G), λ /= 0, is 1.
(c) The largest eigenvalue of L(Pm{Bi}) is
max {λ : λ ∈ σ(G), λ /= 0} − 2.
(d) The smallest eigenvalue of L(Pm{Bi}) is
a (G) − 2 = min {λ : λ ∈ σ (G) , λ /= 0} − 2.
(e)
E (L (Pm {Bi})) =
m∑
i=1
∑
j∈Ωi
∑
μ∈σ(Ti,j−2I)
|μ|ni,j−ni,j+1 + ∑
μ∈σ(G−2I),μ/=−2
|μ| . (3)
Example 7. For the graph K in Example 4, B1 = B3(1, 3, 3), B2 = B3(1, 3, 1) and B3 = B2(1, 4). Then
T1 (d1) =
⎡
⎢⎣ 1
√
2√
2 3
√
3√
3 4
⎤
⎥⎦ , T2 (d2) =
⎡
⎢⎣ 1
√
3√
3 4 1
1 3
⎤
⎥⎦ , T3 (d3) =
[
1
√
4√
4 5
]
Ω1 = {1, 2} , Ω2 = {1} , Ω3 = {1}
and
G =
⎡
⎢⎣T1 (d1) E1ET1 T2 (d2) E2
ET2 T3 (d3)
⎤
⎥⎦ , E1 =
⎡
⎣0 0 00 0 0
0 0 1
⎤
⎦ , E2 =
⎡
⎣0 00 0
0 1
⎤
⎦ .
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From Theorem 3, the spectrum of L(K) is
σ
(
T1,1 − 2I) ∪ σ (T1,2 − 2I) ∪ σ (T2,1 − 2I) ∪ σ (T3,1 − 2I) ∪ {λ − 2 : λ ∈ G, λ /= 0} and E(L(K)) is
obtained using (3).
Assume B1 = B2 = · · · = Bm = Bk(d) where Bk(d) is a generalized Bethe of k levels with
d = [d1 = 1, d2, . . . , dk]
in which dk−j+1 is the degree of the vertices at the level j. Let nk−j+1 be the number of vertices at the
level j. Then
Ω1 = Ω2 = · · · = Ωm = Ω = {j : 1 j k − 1, nj > nj+1} .
We write Pm{Bk(d)} instead of Pm{Bi}. For s = 1, . . . , m, let
L (s)=
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
√
d2 − 1√
d2 − 1 d2 √d3 − 1√
d3 − 1 d3 . . .
. . .
. . .
√
dk−1 − 1√
dk−1 − 1 dk−1 √dk√
dk dk + 2 + 2 cos πsm
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.
of order k × k and, j = 1, 2, . . . , k − 1, let Tj the j × j leading principal submatrix of L(s).
Lemma 4
(a) The spectrum of L(Pm{Bk(d)}) is(∪j∈Ωσ (Tj)) ∪ (∪ms=1σ (L (s))) .
(b) As an eigenvalue of L(Pm{Bk(d)}), j ∈ Ω , the multiplicity of each eigenvalue of Tj is nj − nj+1 and
the multiplicity of each eigenvalue of L(s), 1 sm, is 1.
(c) The matrix L(m) is singular.
(d) The largest eigenvalue of L(1) is the largest eigenvalue of L(Pm{Bk(d)}).
(e) The smallest eigenvalue of L(m − 1) is the algebraic connectivity of Pm{Bk(d)}.
It follows that:
Theorem 4
(a) The spectrum of L(Pm{Bk(d)}) is(∪j∈Ωσ (Tj − 2I)) ∪ (∪m−1s=1 σ (L (s) − 2I)) ∪ {λ − 2 : λ ∈ σ (L (m)) , λ /= 0} .
(b) As an eigenvalue of L(Pm{Bk(d)}), j ∈ Ω , the multiplicity of each eigenvalue of Tj − 2I is nj − nj+1
and the multiplicity of each eigenvalue of L(s) − 2I, 1 sm, as well as the multiplicity of each
eigenvalue λ − 2, λ ∈ σ(L(m)), λ /= 0, are 1.
(c) The largest eigenvalue of L(Pm{Bk(d)}) is
max {λ : λ ∈ σ (L (1))} − 2.
(d) The smallest eigenvalue of L(Pm{Bk(d)}) is
min {λ : λ ∈ σ (L (m − 1))} − 2.
(e)
E (Pm {Bk (d)})=
∑
j∈Ω
∑
μ∈σ(Tj−2I)
|μ|nj−nj+1 +
m−1∑
s=1
∑
μ∈σ(L(s)−2I)
|μ| + ∑
μ∈σ(L(m)−2I),μ/=−2
|μ| .
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Example 8. Consider the line graph of 2 copies of B3(2) attached by their roots to the vertices of
P2. We havem = 2, k = 3, d1 = 1, d2 = 3, d3 = 2 and Ω = {1, 2}. From Theorem 4, the spectrum of
L(P2(B3(2))) is
σ (T1 − 2I) ∪ σ (T2 − 2I) ∪ σ (L (1) − 2I) ∪ {λ − 2 : λ ∈ σ (L (2)) , λ /= 0} ,
where
T1 = [1] , L (2) =
[
1
√
2√
2 3
]
L(1) =
⎡
⎢⎣ 1
√
2√
2 3
√
2√
2 4
⎤
⎥⎦ , L(2) =
⎡
⎢⎣ 1
√
2√
2 3
√
2√
2 2
⎤
⎥⎦ .
5. Line graph of generalized Bethe trees joined at their roots
The next example illustrates that the line graph of a set of generalized Bethe trees with a common
root vertex is also a graph of cliques.
Example 9. The following graph G is obtained from the generalized Bethe trees B4(1, 4, 3, 2) and
B3(1, 3, 3) joined at their roots:
Its line graph L(G) is:
Let v{Bi : 1 im} be a tree deﬁned by generalized Bethe trees Bi having a common root vertex v.
For brevity, we write v{Bi} instead v{Bi : 1 im}. In [17] we derive a complete characterization of
the eigenvalues of the Laplacian and adjacency matrices of v{Bi}.
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For i = 1, 2, . . . , m, let ki be the number of levels of Bi, let di,ki−j+1 and ni,ki−j+1 be the degree of
the vertices and number of them, respectively, at the level j (1 j ki), and let
Ωi = {j : 1 j ki − 1, ni,j > ni,j+1} .
For i = 1, 2, . . . , m and for j = 1, 2, 3, . . . , ki − 1, let Ti,j be the j × j leading principal submatrix of the
(ki − 1) × (ki − 1) matrix
Ti,ki−1 =
⎡
⎢⎢⎢⎢⎢⎢⎣
1
√
di,2 − 1
√
di,2 − 1 di,2 . . .
. . .
. . .
√
di,ki−1 − 1√
di,ki−1 − 1 di,ki−1
⎤
⎥⎥⎥⎥⎥⎥⎦
.
Let r = ∑mi=1 ki − m + 1. Let T be the symmetric matrix of order r × r deﬁned by
T =
⎡
⎢⎢⎢⎢⎢⎢⎢⎣
T1,k1−1 0 · · · 0 p1
0 T2,k2−1
. . . p2
...
. . .
. . . 0
...
0 0 Tm,km−1 pm
pT1 p
T
2 · · · pTm d
⎤
⎥⎥⎥⎥⎥⎥⎥⎦
,
where d = ∑mi=1 di,ki and
pTi =
[
0 · · · · · · 0
√
di,ki
]
, (1 im).
We are ready to state the results for the Laplacian eigenvalues of v{Bi}.
Lemma 5
(a) The spectrum of L(v{Bi}) is(∪mi=1 ∪j∈Ωi σ (Ti,j)) ∪ σ (T) .
(b) As an eigenvalue of L(v{Bi}), j ∈ Ωi, the multiplicity of each eigenvalue of Ti,j is ni,j −ni,j+1 and the
multiplicity of each eigenvalue of T is 1.
(c) The largest eigenvalue of T is the largest eigenvalue of L(v{Bi}).
(d) If di,ki > 1 for i = 1, 2, . . . , m, then
min
{
λ1
(
Ti,ki−1
) : 1 im} = a (v {Bi}) .
Hence:
Theorem 5
(a) The spectrum of L(v{Bi}) is(∪mi=1 ∪j∈Ωi σ (Ti,j − 2I)) ∪ {λ − 2 : λ ∈ σ (T) , λ /= 0} .
(b) As an eigenvalue of L(v{Bi}), j ∈ Ωi, the multiplicity of each eigenvalue of Ti,j − 2I is ni,j −ni,j+1
and the multiplicity of each eigenvalue λ − 2, λ ∈ σ(T), λ /= 0, is 1.
(c) The largest eigenvalue of L(v{Bi}) is
max {λ : λ ∈ σ (T)} − 2.
(d) If di,ki > 1 for i = 1, 2, . . . , m, then the smallest eigenvalue of L(v{Bi}) is
min
{
λ1
(
Ti,ki−1
) : 1 im} − 2.
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(e)
E (L (v {Bi})) =
m∑
i=1
∑
j∈Ωi
∑
μ∈σ(Ti,j−2I)
|μ|ni,j−ni,j+1 + ∑
μ∈σ(T−2I),μ/=−2
|μ|
Example 10. Consider the linegraphofG inExample9.WehaveB1 = B4(1, 4, 3, 2)andB2 = B3(1, 3, 3)
joined at a vertex of degree d = 5. Then
d1,1 = 1, d1,2 = 4, d1,3 = 3, d1,4 = 2
d2,1 = 1, d2,2 = 3, d2,3 = 3.
From Theorem 5, the spectrum of L(G) is
σ (L (G)) = σ (T1,1 − 2I) ∪ σ (T1,2 − 2I) ∪ σ (T1,3 − 2I)
·∪σ (T2,1 − 2I) ∪ σ (T2,2 − 2I) ∪ {λ − 2 : λ ∈ σ (T) , λ /= 0} ,
where T1,j (1 j 3) and T2,j (1 j 2) are the j × j leading principal submatrices of
T1 − 2I =
⎡
⎢⎢⎢⎣
−1 √3√
3 2
√
2√
2 1
√
2√
2 0
⎤
⎥⎥⎥⎦ and T2 − 2I =
⎡
⎢⎣−1
√
2√
2 1
√
3√
3 1
⎤
⎥⎦ ,
respectively, and
T − 2I =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣
−1 √3 0 0 0 0√
3 2
√
2 0 0 0
0
√
2 1 0 0
√
2
0 0 0 −1 √2 0
0 0 0
√
2 1
√
3
0 0
√
2 0
√
3 3
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
.
6. Line graph of copies of a generalized Bethe tree attached to a cycle
Let Cm{Bk(d)} be the graph obtained from m copies of the generalized Bethe tree Bk(d) attached
by their roots to the vertices of the cycle Cm.
Example 11. Consider the graph C5{B3(1, 3, 3)} :
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Its line graph is
At this point, we recall that a graph is bipartite if and only if it constains no odd cycle [6]. Conse-
quently, Cm{Bk(d)} is bipartite if and onlym is even.
Here we search for the eigenvalues of L(Cm{Bk(d)}). For brevity, we write Cm{Bk} instead of
Cm{Bk(d)}. In [18], we give a characterization of the eigenvalues of the signless Laplacian, Laplacian
and adjacency matrices of the graph Gm{Bk(d)}, obtained from m copies of Bk(d) attached by their
roots to the vertices of any graph Gm of order m. For j = 1, 2, 3, . . . , k − 1, let Tj be the j × j matrix
deﬁned in Preliminaries. The results concerning the eigenvalues of L+(Cm{Bk}) are collected in the
following lemma.
Lemma 6
(a) The spectrum of L+(Cm{Bk}) is(∪j∈Ωσ (Tj)) ∪ (∪mi=1σ (Qi)) ,
where
Qi =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
√
d2 − 1√
d2 − 1 d2 . . .
. . .
. . .
√
dk−1 − 1√
dk−1 − 1 dk−1 √dk√
dk dk + 2 + 2 cos 2π im
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (4)
(b) As an eigenvalue of L+(Cm{Bk}), j ∈ Ω , the multiplicity of each eigenvalue of Tj is m(nj − nj+1)
and, for i = 1, 2, . . . , m, the multiplicity of each eigenvalue of Qi is 1.
(c) The largest eigenvalue of L+(Cm{Bk}) is the largest eigenvalue of Qm.
(d) The smallest eigenvalue of L+(Cm{Bk}) is the smallest eigenvalue of Qp−1 whenever m = 2p or the
smallest eigenvalue of Qp whenever m = 2p + 1.
Theorem 6
(a) If m is odd then
σ (L (Cm {Bk})) = (∪j∈Ωσ (Tj − 2I)) ∪ (∪mi=1σ (Qi − 2I))
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and if m is even then
σ (L (Cm {Bk})) = (∪j∈Ωσ (Tj − 2I)) ∪ (∪mi=1σ (Qi − 2I)) − {−2} .
(b) As an eigenvalue of L(Cm{Bk}), for j ∈ Ω , the multiplicity of each eigenvalue of Tj − 2I is m(nj −
nj+1) and, for i = 1, 2, . . . , m, the multiplicity of each eigenvalue of Qi − 2I is 1.
(c) The largest eigenvalue of L(Cm{Bk}) is
max {σ (Qm)} − 2.
(d) If m is odd then
E (L (Cm {Bk})) =
∑
j∈Ω
∑
μ∈σ(Tj−2I)
|μ|m(nj−nj+1) +
m∑
i=1
∑
μ∈σ(Qi−2I)
|μ|
and if m is even then
E (L (Cm {Bk})) =
∑
j∈Ω
∑
μ∈σ(Tj−2I)
|μ|m(nj−nj+1) +
m∑
i=1
∑
μ∈σ(Qi−2I)
|μ| − 2.
Example 12. Let G = C5{B3(1, 3, 3)}. We havem = 5 and Ω = {1, 2}. Then
σ (T1 − 2I) ∪ σ (T2 − 2I) ∪
(
∪5i=1σ (Qi − 2I5)
)
,
where
T1 − 2I = [−1] , T2 − 2I =
[−1 √2√
2 1
]
and
Qi =
⎡
⎢⎣ 1
√
2√
2 3
√
3√
3 5 + 2 cos 2π i
5
⎤
⎥⎦ (1 i 5) .
The eigenvalues of L(G) are
multiplicity
σ (T1 − 2I1) : −1 15
σ (T2 − 2I2) : −1.7321 1.7321 10
σ (Q2) = σ (Q3) : −1.9661 0.1842 3.1639 2
σ (Q1) = σ (Q4) : −1.8635 0.9250 4.5565 2
σ (Q5) : −1.8348 1.1506 5.6842 1
7. Line graph of copies of a star attached to a cycle
Let Sa+1 be a star on (a + 1) vertices. Let Cm{Sa+1} be the graph obtained from m copies of Sa+1
attached by their roots to the vertices of the cycle Cm.We can see thatL(Cm{Sa+1}) is a graph obtained
fromm copies of Ka+2 such that each of these copies has exactly one edge in commonwith a different
edge of Cm.
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Example 13. The line graph of C5{S4} is
Theorem 7. Let
σi = 2 cos 2π i
m
(1 im) .
(a) If m is odd then
σ (L (Cm {Sa+1})) = {−1} ∪ (∪mi=1 {αi}) ∪ (∪mi=1 {βi})
and if m is even then
σ (L (Cm {Bk})) = {−1} ∪
(
∪m
i=1,i /=m
2
{αi}
)
∪ (∪mi=1 {βi}) ,
where
αi = 1
2
(
a − 1 + σi −
√
σ 2i + 2 (a + 1) σi + a2 + 6a + 1
)
and
βi = 1
2
(
a − 1 + σi +
√
σ 2i + 2 (a + 1) σi + a2 + 6a + 1
)
.
(b) As an eigenvalue of L(Cm{Sa+1}), the multiplicity of −1 is m(a − 1) and, for i = 1, 2, . . . , m, the
multiplicity of αi and βi is 1.
(c) The largest eigenvalue of L(Cm{Bk}) is βm. The smallest eigenvalue of L(Cm{Bk}) is αp−1 whenever
m = 2p and αp whenever m = 2p + 1.
(d) If m is odd then
E (L (Cm {Sa+1})) = m (a − 1) +
m∑
i=1
√
σ 2i + 2 (a + 1) σi + a2 + 6a + 1
and if m is even then
E (L (Cm {Bk})) = m (a − 1) +
m∑
i=1
√
σ 2i + 2 (a + 1) σi + a2 + 6a + 1 − 2.
Proof. (a) We may apply Theorem 6 to characterize the eigenvalues of L(Cm{Sa+1}). For this graph,
k = 2, d1 = 1, n1 = a, d2 = a, n2 = 1, Ω = {1},
Qi =
[
1
√
a√
a a + 2 + 2 cos 2π i
m
]
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for i = 1, 2, . . . , m, and T1 = [1]. Let
σi = 2 cos 2π i
m
(1 im).
Then T1 − 2I = [−1] and
Qi − 2I =
[−1 √a√
a a + σi
]
.
From Theorem 6, among the eigenvalues of L(Cm{Sa+1}), we have the eigenvalues of the matrices
Qi − 2I (1 im). An easy calculation shows that the eigenvalue of Qi are
αi = 1
2
(
a − 1 + σi −
√
σ 2i + 2 (a + 1) σi + a2 + 6a + 1
)
and
βi = 1
2
(
a − 1 + σi +
√
σ 2i + 2 (a + 1) σi + a2 + 6a + 1
)
.
Ifm = 2p then σp = 2 cosπ = −2 and
αp = 1
2
(
a − 1 − 2 −
√
4 − 4 (a + 1) + a2 + 6a + 1
)
= 1
2
(a − 3 − (a + 1)) = −2.
Thus (a) is proven.
(b) It is immediate from Theorem 6.
(c) Consider the function
g (x) = 1
2
(
a − 1 + x +
√
x2 + 2 (a + 1) x + a2 + 6a + 1
)
.
One can easily check that g(x) is a strictly increasing function. Thenβi = g(σi) < g(σm) = βm for i =
1, 2, . . . , m − 1.Werecall that i /= pwheneverm = 2p.Sinceσi = σm−i,wemaytake i = 1, 2, . . . , p −
1wheneverm = 2pand i = 1, 2, . . . , pwheneverm = 2p + 1.Wehaveσp−1 < σi for i = 1, 2, . . . , p −
2 whenever m = 2p and σp < σi for i = 1, 2, . . . , p − 1 whenever m = 2p + 1. We now use the
function
f (x) = 1
2
(
a − 1 + x −
√
x2 + 2 (a + 1) x + a2 + 6a + 1
)
which is also a strictly increasing function to conclude that the smallest eigenvalue of L(Cm{Bk}) is
αp−1 = f (σp−1) wheneverm = 2p and αp = f (σp) wheneverm = 2p + 1. Thus (c) is proved.
(d)We have det(Qi − 2I) = −1 − 2a − σi < −2 − 2 cos 2π im  0. Then αiβi < 0. Moreover, αi <
βi. Therefore, αi < 0 and βi > 0 for all i. Thus (d) follows. 
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